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A first-order relativistic wave equation of the Gel'fand-Yaglom form is con- 
sidered in the presence of an external electromagnetic field, and general condi- 
tions are derived that are necessary for the derivation of its secondary constraints, 
the general form of which is given. Examples demonstrating the validity of these 
conditions are also given. 

1. I N T R O D U C T I O N  

Relativistic wave equat ions of  the first order  with the general form 
(Ge l ' l and  et  al., 1963) 

{--1_O77"0 "~ ~ 171"1 "~ ~_27T2 "~ 1-377" 3 "[- ~ X } ~ / :  0 (1) 

accept  subsidiary condit ions o f  the second kind (secondary  constraints) 
(Pauli and Fierz, 1939; Velo and Zwanziger,  1969; Koutroulos ,  1986a-c) 
namely,  relations among  the componen ts  o f  the wave function ~ involving 
no derivatives. In  the above equation,  l-i ( i = 0 ,  1 ,2 ,3 )  are n x n matrices, 
their d imension  n depending  on the under lying representat ion according 
to which the wave funct ion ~b t ransforms;  ~ is the n x n unit matrix; X is a 
constant  related to the masses o f  the particles associated with the field 
described by the wave equat ion;  and zrl (i -- 0, 1, 2, 3) are the componen ts  
o f  the electromagnetic  f ou r -momen tum vector. We consider  the above wave 
equat ion in the presence o f  an external electromagnetic  field. 

A major  problem with these wave equat ions is how the subsidiary 
condit ions associated with them can be derived. In  certain cases it is 
preferable to reformulate  the wave equat ion in spinorial form and then, by 
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employing spinor  calculus, to obtain its subsidiary conditions,  as was done 
in Koutroulos  (1986b,c) (see Pauli and Fierz, 1939). The method  of  using 
spinor calculus is very complicated.  Thus, it is better to look for other  ways 
o f  finding the subsidiary condit ions,  such as by means o f  matrix calculus, 
as is demonst ra ted  in Koutroulos  (1986a). 

In the present paper  we consider the general first-order wave equat ion 
(1) and derive general condit ions that have to be satisfied in order  that  the 
wave equat ion possess subsidiary condit ions o f  the second kind. 

2. GENERAL C O N D I T I O N S  

In this section we see what  condit ions have to be satisfied in order  to 
be able to derive the subsidiary condit ions o f  the second kind for a first-order 
relativistic wave equation. Let us consider  the first-order relativistic wave 
equat ion (1) realized in an n-dimsnsional  space and let us mult iply it f rom 
the left by the expression 

~ ( A 0 7 T  0 "1- A 1 ~T 1 "-1- A2qT 2 -t- A3 ~/'j'3 + A4X ) (2)  

to obtain 

(g,/~0"B'0 "1- N/~I'7'j" 1 "1- N,~2"Tr2 -t'- N~-'-~3"7"/" 3 -t- N,~4X ) 

X ( - - t  qr0"q- ~_ I"B'1-1- [2"77"2 -1- ~-3"7T3 -~- ~X) I]/ = 0 (3) 

In  the above expressions $ is a 1 x n matrix and At, 1 = 0, 1, 2, 3, 4, are 
n x n matrices. Noticing that  the products  5/~p, p = 0, 1, 2, 3, 4, are 1 x n 
matrices and that  they can be identified with the row vectors ap,  p = 0, 1, 
2, 3, 4, we can rewrite (3) as follows: 

0/. 0 "TT 0 -1~ Of, 1 77"1 "q- 0/'2 q'/'2 -1- Or3 77"3 "+" 1[I/'4X ) 

X (~_0q'/" + ~_ 1 q'/" 1 + ~_2qT2 -~ ~_3"B'3 q- ~X) I ] /=  0 (4) 

or as follows: 

-aolko~r200 + O~olk, ~ro Irl 0 + oLon2 ~'0 ~-2 0 + o~on3 ~ro~3 0 

-.I- 0/. 0 ,TJ-o'~.~l]/- i[is ]] o~/T 1 qJ"o I]/-I- i~ 1[]_ 1 7/" 12 I~ -1- i~ 1 ~2'7T 1 "7"/'21]/At" I[1~ 1[]_ 3 77" 1 7T3 I.b 

"1- i1~ 1 qj"l'l]X/]/- 0s O"B'2 7To I/J -I- t~211_ 1 "/T2 "TT 1/~ -I- O~2[]_2"7r 21~J 

+ OL21ks ~'2 7r3 ~ + or2 ~r2~x$ -- or3 ~-0 7r3 % 0 + astk ~ 7r3 ~ 0 

2 
+ a3II 2"rr3'rr20 + 0t3~-3 7rs q/+ oLs 7rsltx$ -- a,O(! o'rro$ 

+ ot4xll ~'rr~ ~, + o~4XI1 27r2t) + e~4Xl_3 ~3 0 + ol4X~XtP = 0 (5) 
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This express ion can b e c o m e  a subsidiary  condi t ion of  the second kind 
if certain condi t ions are satisfied. To find these condit ions,  let us consider  
first the terms in (5) l inear in rri, i = 0, 1, 2, 3, namely  

( --  0s -1- 0s ) 7/'oX0, ( 0s -~- 0s 1 ) -7/'1 ) (0  
(6 )  

( 0s 2 "1- 0s ) ,w2X0, (0s 3 -[- 0s 7"r3X 0 

Terms like these must  not  a p p e a r  in the subsidiary  condi t ions of  the second 
kind, and  we el iminate  them by  requir ing that  

0s = 0s 0s ~--- --IJtl 
(7) 

0s = --OL2, 1~4113 = --0/. 3 

Then  let us consider  the terms in (5) involving ~r, 2- , i = 0, 1, 2, 3, namely  

0s 2 2 2 0s 0s 0 ,  0s (8 )  

Such terms must  d i sappea r  as well, and we obta in  this by requir ing that  

0s = 0,  a l~ .  1 = 0,  a2112 = 0,  0s = 0 (9) 

Finally,  the terms in (5) involving 7r~rrj, i = 0, 1, 2, 3, j = 0, 1, 2, 3, can 
be written, using the c o m m u t a t i o n  relat ions 

[Trk, Trt]=ieFkt=--fk. k = 0 ,  1, 2, 3, l = 0 ,  1 ,2 ,3  (10) 

(where Fkt is the e lec t romagnet ic  field tensor,  i = . d ~ ) ,  as follows: 

~o1117to ~rl - oq 11o 7rl ~'o0 

Oto1127roqr2 0 - of2[I oTT2qTo0 

1211o11377-o77-30//-- of 3~_o77-3 7To 0 

oq1121rl ~r20 + a2111~r27r10 

O1~ 1~_ 3 "/7" 17r3 0 -1- O/311 1 q'/'3,7"r 1 0 

= (0s -- 0s 77"0'/7"1 0 -- 121[ll] oflol/t 

= (0s -- a2~-0) ~ro ~'2 0 -- 0s 

~---- (Os 3 -- Ot3~_O) "TTo"ff3 0 -- 0s 

= (0s + Os 7rl 7/'2 0 "}- 0s l f21 lit 

= (0s -Jr- O113111) '77" 177"30 + 11~311 l f31 0 

(11) 

0s 0 --}- 0s 0 = (OL2113 "{- O/.3112) 7"g2 q'/'3 0 -~- O/.3 ~_2f32 0 

The terms involving rrirrj on the r ightrhand side of  the above  relat ions 
should  vanish and we obtain  this by impos ing  the condi t ions 

0s - oq0_o = 0, ot0112- 0s = 0 

Ot0113 --  ~3110 = 0,  O/-1 ~-2-1-Ot2111 = 0  (12) 

0s -~- 0s 1 = 0 ,  O[2113:-1- 0s = 0 

Thus, express ion (5), af ter  impos ing  the condi t ions  (7), (9), and (12), is 
reduced  to the express ion 

( - -~1  [OflO --  ~2110f20 -- I~3 ~-of30 -l- Q[211 lf21 "~ ~311 l f31 "]- Ot3112f32 "q- ~4X 2"~) if] = 0 
(13) 
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which is the general form of a subsidiary condit ion of the second kind for 
a first-order relativistic wave equation. 

3. OTHER FORMS OF CONDITIONS (9) AND (12) 

The above conditions (9) and (12) necessary for the derivation of the 
subsidiary conditions of  the second kind can be expressed in other forms 
also. For instance, taking the transpose of  (9), we have 

t r  tr t r  tr noao =0,  Llotl =0  
(14) 

tr tr tr t r  
~20/,.  2 : 0 ,  [ 1 3 ~  3 = 0  

Written in this form, conditions (9) can be interpreted as follows: Each 
vector er r for i = 0, 1, 2, 3 is an eigenvector of each matrix D_~ ~ corresponding 
to zero eigenvalue. 

We give applications of this statement below. 

1. Dirac wave equation. Applying formulae (14) to the case of the 
Dirac wave equation, we see immediately that this equation does not accept 
subsidiary conditions of the second kind, because its matrices y~r, i = 0, 1, 
2, 3, do not have zero eigenvalues. 

2. Bhabha wave equations. For the same reason, the Bhabha wave 
equations for half-integer spin do not accept subsidiary conditions of the 
second kind. 

Conditions (9) can also acquire another form. Thus, introducing (7) 
into (9) and considering the transpose, we have 

. t r \ 2  tr ~ / . t r x 2  tr 
IL0)  Or4 =1 . )  t i l l )  O r 4 = 0  

(15) 
( n t r ~ 2  tr  __ ~ [ n t r ' , 2  tr 

t L 2 )  o t  4 - - o  LtL3)  o r4  = o  

tr is simul- These relations can be understood as saying that the vector oL4 
taneously an eigenvector of  the matrices (U{) 2, i = 0, 1, 2, 3, corresponding 
to zero eigenvalue. Also introducing (7) into (12) and taking the transpose, 
we have the relations 

[ ~ t r ,  t r  t r  
~-0 ] + O r 4  - -  0 ,  

[ g ~ r ,  tr  t r  
[Lo ] + o r  4 - 0 ,  

1 J+OL4 - -  (J, 

L0]+a4 - 0  
[~_~r, ntr-I  t r  ~ 

IL 1J+O~ 4 - -13  

[ t L  . t n  , ~ _ , ,  [L2 J + ( ~ 4  - -  0 

(16) 

where the notation [ ,  ]+ is used for the anticommutator between two 
matrices. These relations can be translated also as saying that the vector 

tr is an eigenvector of the matrices ~t 4 

I t . ,  Gq+, t '  ' r  [U 3 ,  ~ - 2 ] + ,  k =  1,2,3,  m = 2 , 3  

corresponding to zero eigenvalue. 



First-Order Relativistic Wave Equation 707 

Conditions (16) can acquire yet another form if for this purpose we 
make use of the generators of  rotations At, r = 1, 2, 3, and of the generators 
of boosts Bs, s = 1, 2, 3, and also of the relations 

~2 = - I L L 1 , / ~ 3 ] - ,  L3 = [I]1, a 2 ] - ,  ~-3 ~--- --[~-2,  ~ l ] - -  

]-k = --[Bk, D-o]-, k = 1, 2, 3 

where [ ,  ]_ indicates the commutator between two matrices. The new form 
of conditions (16) is 

( ,  tr'~2rr~tr tr .'~ 
LO) [l~lOt 4 : O ,  

( . t r ~ 2 ~ t r  tr 
I I0)  11~3Ot 4 = l J ,  

(ntr~2 ra tr I1-1) ,~2~4 = O, 

ntr\2*r*tr tr __ 
[Lo) ~2e~4-0  

(atrx2 n~ tr tr 
ILl)  /'~.31~4 = 0  

(n t r \2  ~.a tr tr 
112) /~10L4 =0 

(17) 

tr tr These relations can be interpreted as saying that the vectors BkeL , k =  1, 
2, 3, are eigenvectors of the matrix (U-~)r) 2 corresponding to zero eigenvalue. 

tr tr The vectors A raft4, m = 2, 3, are eigenvectors of the matris (~-tlr)2 correspond- 
tr tr ing to zero eigenvalue; and finally the vector A 1 a4 is an eigenvector of the 

matrix (D_~r) 2 corresponding to zero eigenvalue. 

4. EXAMPLES 

We now give examples of wave equations accepting subsidiary condi- 
tions of the second kind and satisfying all the previous conditions. 

Example 1 (Pauli-Fierz wave equation). In the case of the Pauli-Fierz 
wave equation, conditions (7), (15) and (17) or (7), (14), and (16) are all 
satisfied, as can be seen by using the explicit form of the matrices l-i, i = 0, 
1, 2, 3, and of the generators Ak, Bk, k = 1, 2, 3, of the wave equation 
expressed in the spinor basis 

{0/~1, O/12, ~ 0/42, 0/151, 0/~2, 0/222, d l ,  d 2 ,  b~ 1, b~ 2, 

b 22, b~ 1 , b 12, b222, cl, c2} (18) 

which turns out to be more convenient to work with. 
There are four subsidiary conditions of  the second kind and their 

number is equal to the number of the spin- l /2  components d i, d • cl, c2. 
These components must be constrained in order that the equation be a 
spin-3/2 wave equation. 

The number of  subsidiary conditions of the second kind according to 
the analysis in Sections 2 and 3 is also equal to the number of linearly 
independent eigenvectors (~r corresponding to the zero eigenvalues of the 
matrices (B-tit) 2, i = 0, 1, 2, 3, and such that they also satisfy the conditions 
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(17), namely tr tr B k O t 4 ,  k = 1, 2, 3, are eigenvectors of  the matrix (l_~r) 2 corre- 
A,,et4, m = 2, 3, are eigenvectors of  the matrix sponding to zero eigenvalue, tr tr 

(L~r) 2 corresponding to zero eigenvalue, and tr tr l I 0 t a  i s  an eigenvector of  the 
matrix (l-~r) 2 corresponding to zero eigenvalue. 

In the spinor basis (18) the matrices (l_~r) 2, i = 0, 1, 2, 3, have zero rows 
and columns corresponding to the spin-�89 components  d i, d ~, Cl, c2, and so 
the eigenvectors (et4)~. r, j = 1, 2, 3, 4, of  (l_]r) 2, i = 0, 1, 2, 3, corresponding 
to zero eigenvalues and satisfying 

il 01000 
ol 

o[ 
OI  

0 

0 

0 

0 

0 

0 

spin-�89 

part  

spin-�89 

part  

01 
0 

0 
I 

1 (,,~'): = _ 
0 i 

ol 
0 I 

0 

0 

0 

0 

0 

also (17) are 

, ( ' ~ r ) 3  = 

0 i 

0 
I 

0 �9 
0 I 

0 

0 I 
o l  

~ I 
0 I 

1 

0 
.3  

a 

0 

0 

0 

0 

0 

0 

-6- 
0 

, ( ~ d ' ) 4  = ~- 

0 

0 

0 

0 

0 

-6- 
1 

Observe that  the blocks of  the matrices A~ r, Bt/, k = 1, 2, 3, which have 
t r  nonzero effect on the eigenvectors,  or4 when the products  ~ %ttrk 4 ,  Bk~l/'atr tr are 

constructed,  are the ones corresponding to spin-�89 and reproduce  the eigen- 
t r  vectors (a4) j ,  j -- 1, 2, 3, 4, with a different order.  

Example 2. Let us now consider the 20-dimensional,  spin -3 equat ion 
with definite charge defined by the constants 

1 1 1 1 
B =  c = -  z = - - -  K = - -  

2 ~ '  2 ~ '  2 ~ '  2 ~  

A =  - 1 ,  F = F = - ~ ,  e =  - j ,  x ~ 0  
(19) 

and based on the representat ion 

1 3 3 1 5 1 5 1 3 1 (~, ~) �9 ( -  -L ~) ~) | (~, (~ ,9 |  
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proposed by Koutroules (1986). For this example again all the conditions 
for the existence of the secondary constraints are satisfied, as can be seen 
by using the explicit form of the matrices Li, i = 0, 1, 2, 3, and the generators 
Ak, Bk, k = 1, 2, 3, expressed for convenience in the spinor basis 

{a~,, a12, ~2 ,  a~, ,a,2, ~ a22, d i, d 2, ~', 6 2, 

b~ i , b~ ~, b~ ~, b~ i , b~ ~, ~2 b2 , Cl, C2, Yl, Y2} (20) 

There are eight subsidiary conditions of the second kind and this 
number is equal to the number of the spin-�89 components d i, d ~, 6 i, 6 ~, e~, 
c2, 3'1, Y2, which have to be constrained in order that the equation be a 
spin-~ wave equation. We notice that the number of subsidiary conditions 
of the second kind is equal to the number of linearly independent eigenvec- 

t r  ( n t r ' } 2  tors o~4 corresponding to the zero eigenvalues of the matrices , _ i , ,  i = 0, 
1, 2, 3, and such that conditions (17) are satisfied also. The matrices (B_t[) z, 
i = 0, 1, 2, 3, when considered in the spinor basis (20), have zero rows and 
columns corresponding to the spin-�89 components and their eigenvectors 
(ol~r)~ corresponding to zero eigenvalues and satisfying (17) are 

0 

OI 

0 

1 

0 

0 

0 ( t r ~  
k O L 4 ]  1 = _ _  

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

spin-�89 

spin-�89 

spin-�89 

spin-�89 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

r] 
, i 

0 I 
i 

0 I 

01 
! o  

01 
m i 

01 
1 t r ~  

, { X 4 J 4  = - -  

0 

ol 
0 I 

o ~ 

I 

o 

o l  
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0 

0 

0 

0 

0 

0 

-6 
0 

-6 
0 

0 

0 

0 

0 

0 
u 

0 

Koutroulos 

o :1 o 
0 0 

0 0 I 0 
i 

o o l  o 
0 0 0 

0 0 0 

~- -6 o 
0 0 I 0 

T -6-1 
0 1  (oLg)s = 0 (0 / t r )6  ~_ 0 ' (121[~r)7 = 0 [ 0 

' 0 ' I 
0 0 ] 0 

i 

0 Ol  o 

o !~ 0 0 

0 0 

-6 T i 

1 0 , 

0 0 0 

Ak, Bk, k = 1, 2, 3, that have Observe again that the blocks of  the matrices tr tr 
nonzero effect on the eigenvectors (oz~ r) when the products /~kOg4,tr tr BkOL 4 t r  tr 

are constructed are the ones corresponding to spin-�89 and reproduce the 
vectors (ot~ r) with a different order. 
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